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Abstract--Given a set of n jobs with deterministic processing times and the same ready times, the problem 
is to find the optimal common due-date k* and the optimal job sequences a* to minimize the maximum 
deviation of job completion time about the common due-date. It is shown that the problem can be 
formulated as an equivalent linear programming (LP) minimization problem. Using the strong duality 
property of LP, we derive the optimal due-date by considering the dual of the LP problem. When the 
optimal due-date is determined the optimal job sequence is readily available. After the theoretical 
treatment numerical examples are presented to demonstrate he validity of the theories. 
INTRODUCTION 
This paper treats the problem of determining the optimal due-dates and optimal sequence of n 
"independent jobs that are to be processed by a single machine. Each job is assigned a common 
due-date and penalties will be incurred when a job is finished either early or late. The objective 
is to determine the optimal common due-date value k* and the optimal job sequence or* to 
minimize the maximum deviation of job completion time about the common due-date. 
Research into due-date determination has been abundant in the scheduling literature. The early 
approach to the due-date scheduling problem is dominated by computer simulation. Typically a 
model of a hypothetical production system is constructed and programmed to run on a computer. 
Specific system conditions can be simulated by controlling the appropriate model parameters. 
Results of employing various due-date assignment methods are generated from different simulation 
runs for comparison in terms of some predefined performance measures. Examples are Conway 
et al. [1], Eilon and Chowdhury [2], Weeks and Fryer [3] and Weeks [4], to name a few. While 
computer simulation remains the only viable tool to study the more complex, multi-machine 
due-date scheduling problems, lately, some researchers have adopted an analytical approach to the 
less demanding, single-machine problems. Among these researchers are Baker and Bertrand [5], 
Seidmann and Smith [6], Seidmann et al. [7], Panwalker et aL [8] and Cheng [9, 10]. 
THE PROBLEM 
Let N be a set of n independent jobs that are to be processed by a single machine. The jobs are 
ready for processing at the same time; and without loss of generality we assume time 0 to be the 
common start time of the jobs. Job i requires ti time units for processing and is assigned a common 
due-date di= k, where k >~ 0 is a constant called the job flow allowance, Vi ~ N. The basic 
assumptions for the problem are as follows: 
(1) All processing times ti, i e N are fixed and known before processing begins. 
(2) Only one machine is available which cannot process two or more jobs 
simultaneously. 
(3) No job splitting and preemption are allowed. 
Let rr be the set of all possible sequences of the jobs (the total number of sequences i n !) and 
a by an arbitrary sequence. Let the subscript [i] denote the job occupying the ith position in a. 
Also let C[i I and dl~ l denote the completion time and due-date of the job in position i, respectively, 
and Lmax(O', k) denote the absolute value of the maximum job lateness. Our objective to minimize 
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the maximum deviation of job completion time about a common due-date is expressed as 
min{ Lmax (a' k ) } = min ~ max l C[~l -- d[i] [ } = min ~ max l Ct'l - k l <~  <~ , (i <~ i <~ . (1) 
In the next section we shall first show that the optimization problem (1) can be converted into 
an equivalent linear programming (LP) minimization problem. Next we make use of the strong 
duality property of LP to determine the optimal value of the common due-date k*. We then derive 
the optimal job sequence a* and give some numerical examples. Finally, some concluding remarks 
will be discussed in the last section. 
LP FORMULATION 
Theorem 1 
For a given job sequence a, the optimization problem (1) is equivalent to the LP problem, whose 
optimal solution always exists, of 
min f (a ,  k)  (2) 
subject o 
CI, 1 - k <~f(a, k )~ (3) 
- (C  H-  k) <~f(a ,k ) J  i = 1,2 . . . . .  n. (4) 
Proof. An optimal solution to the LP (2) always exists because the objective function, which is 
to be minimized, is bounded below [11, p. 97]. 
If [k* , f * (a ,  k*)] is an optimal solution the LP (2), then by inequalities (3) and (4) 
C[ i ] -k*<~f* (a ,k* )  and - [C io -k* ]<~f* (a ,k*  ). 
Suppose that one of the above inequalities, say the first inequality, is a strict inequality. Then 
Lm~x(a, k*) = max [Ct i  l - k*[ <f*(a ,  k*). 
l <~i<~n 
Since 
Lma x (o-, k* ) = max I CH - k* I >>- [CEq - k*  I, for i = 1, 2 . . . . .  n, 
l<~i<~n 
inequality (3) is satisfied with f (a ,  k * ) = Lmax (a, k * ). This is contradictory to [k*, f*(a, k*)] being 
optimal. So 
f*(a,k*) = Lmax(O-, k*  ). 
If k ° is an optimal solution to Lmax(O', k), that is, 
Lmax(a 'k° )=min  ~max lCrq -k l}  (1<<.~<~
then 
I Cfil - k°l ~< Lmax (o', k °) 
for i = 1, 2 . . . . .  n, and hence [k °, Zmax(O" , k°)] is a feasible solution to the LP (2) as it satisfies the 
constraint sets (3) and (4). 
Since [k*,f*(a, k*)] is an optimal solution to the LP (2) 
f*(a,  k*) ~< Lmax (o-, k°). 
But minimization in Lmax(O" , k) is over all k/> 0, 
tmax (o', k °) ~< Lmax (o', k*) =f*(a ,  k*). 
Therefore, 
f*(a,  k*) = tmax (o" , k °) 
and k* is an optimal solution to Lmax(O" , k). This completes the proof. 
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We now consider the dual of the LP (2). Let U = (ul, u2 . . . .  , u,) and V = (v~, v2 . . . .  v,) be two 
vectors of dual variables corresponding to constraint sets (3) and (4), respectively. It is easy to 
construct he dual as follows: 
maxg(a,  U, V) = ~ Cttl(ul + vi) (5) 
i= l  
subject o 
~,(u~ +v~) ~< 0t (6) i=1  
i=1 ,2  . . . . .  n, 
n 
~., (u i -  vi) ~< 1 (7) 
i= l  
U i> 0, V unrestricted in sign. 
According to the strong duality property of LP, if k* and [U* =(u* ,u*  . . . . .  u*)], 
[V* * * = (vl ,  v2 , . . . ,  v*)] are feasible solutions to the primal and dual of the LP (2), respectively; 
and that 
f (a ,  k*) =g(a,  U*, V*), (8) 
then k* and (U*, V*) are optimal solutions to the primal and dual. We shall require this property 
of LP to prove the theorem in the next section. 
THE OPTIMAL DUE-DATE 
Theorem 2 
For a given job sequence a, there exists an optimal common due-date k* defined as 
k* l = ~(Ct, j + Ct,i) (9) 
and the corresponding minimum value of the maximum deviation of completion time about 
k* is 
f * (a ,k* )  Ctn l -k*  l = = ~(Ct .  ~ - C [ ,1 ) .  (10)  
Proof We first show that [k*,f*(tr, k*)] as defined in expressions (9) and (10) is a feasible 
solution to the primal. 
Rearranging the primal constraint sets (3) and (4) to become 
k +fOr,  k) >/ ) (11) Ctil~ i = l, 2 . . . .  , n. 
k - f (G,  k) ~ Ct, 3 (12) 
Adding expressions (9) and (10), we obtain 
CI,1~CIil, i = 1 ,2 , . . . ,n .  
Subtracting expression (10) from (9), we get 
C[ i  ] ~ C[i], i = 1, 2 . . . . .  n. 
Since [k*,f*(tr, k*)] satisfies both expressions (! 1) and (12), it is a feasible solution to the primal. 
Now, define the following dual variables: 
u .  = }'0 i f /=1,2  . . . . .  n -1  
(13) 
i f /=n  
and 
{ -~  i f i= l  v*= i f /=2,3  . . . . .  n. 
Adding expressions (13) and (14) and summing over all i to obtain 
(u* + v*) = 0. 
i~ l  
(14) 
(15) 
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Subtracting expressions (14) from (13) and summing over all i to obtain 
L (u* -v* )= 1. (16) 
i=1  
Since U* t> 0 and (U*, V*) satisfies the dual constraint sets (6) and (7), it is a feasible solution 
to the dual. 
Now 
f*(a, k*) = Cfnj- k* 
I 
= Ct.] - ~(CIJ] + G . ] )  
½Ci,l ' = -- + ~ C[,,] 
~- L C[i] (ui~ ~- u? )  
i=l 
= g*(a, U*, V*). 
Using the strong duality property of LP, we conclude that k* minimizes f (a ,  k) and the proof 
is complete. 
THE OPTIMAL SEQUENCE 
Theorem 3 
For a given [k*,f*(a,  k*)], there exists an optimal sequence a* in which the longest job occupies 
the first position. 
Proof. For a set of n given jobs, 
CI,,= L tri]= L O 
i=1  j= l  
is fixed and independent of the job sequence. Thus the function 
f*(a, k*) = ½(Cf, 1- Ctu) 
is minimized by making the second term on the r.h.s, as large as possible. This is achieved by placing 
the job with the longest processing time in the first position. Thus, any job sequence a* in which 
the longest job occupies the first position is an optimal sequence. 
NUMERICAL  EXAMPLES 
A set of four jobs is given with tl = 1, t2 = 3, 13 = 6 and t 4 = 10. There are a total of 4! = 24 
possible sequences. For each sequence a, we use the results of Theorem 2 to determine the optimal 
common due-date k* and calculate 
Lrnax (o-, k * )  = max [ Cri I - k "1 
l <.<.i<~n 
directly. Table 1 below depicts the details of each individual sequence. It is seen that there are 6 
optimal sequences each of which has the longest job, occupy the first position in the sequence. 
To show the validity of Theorem 2, we take the sequence a = (4-1-2-3) which gives C m = 10, 
(7[21 = 11, CE31 = 14 and CI4 J = 20 and formulate it as the following LP problem: 
minf(a,  k) 
subject to 
and k, f (a ,  k) ~> O. 
k+f (a ,k )>~C[0  l i= l  2,3 and 4 
k - J (~ ,  k) ~< CHJ ' 
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Table 1 
a k* Lm~(a,k*) 
1-2-3-4 10.50 9.50 
1-2-4-3 10.50 9.50 
1-3-2-4 10.50 9.50 
1-3 -4 -2  10.50 9.50 
1-4-2-3 10.50 9.50 
I-4-3-2 10.50 9.50 
2-1-3-4 11.50 8.50 
2-1-4-3 I 1.50 8.50 
2-3-1-4 I 1.50 8.50 
2-3 4-1 11.50 8.50 
2-4-1-3 11.50 8.50 
2-4-3-1 11.50 8.50 
3-1-2-4 13.00 7.00 
3-1-4-2 13.00 7.00 
3-2-1-4 13.00 7.00 
3-2-4-1 13.00 7.00 
3-4-1-2 13.00 7.00 
3-4-2-1 13.00 7.00 
4-1-2-3 15.00 5.00* 
4-1-3-2 15.00 5.00* 
4-2-1-3 15.00 5.00* 
4-2-3-1 15.00 5.00* 
4-3-1-2 15.00 5.00* 
4-3-2-1 15.00 5.00* 
*Optimal sequence. 
Solving this LP problem using the simplex method on a microcomputer yields an optimal 
solution [k*= 15,f*(a,k*)=5] which equals exactly the one derived analytically from 
Theorem 2. 
CONCLUSION 
This paper considers the problem of finding the optimal common due-date k* and job sequence 
tr* to minimize the maximum deviation of job completion time about the common due-date. It 
has been shown that the problem can be converted to an equivalent LP minimization problem. 
Based on the strong duality property of LP, a closed form optimal solution has been derived. 
Computer solution of some numerical examples yields exactly the same optimal results as obtained 
by the theories, suggesting the validity of the theoretical treatment. 
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